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, $\mathrm{A}\mathrm{C}$ $\mathrm{D}\mathrm{C}$ BAC
( ) BDC ( )
.
2 , [2] [3] .
$\Sigma_{0}^{0}$ . $k$ , $\Sigma_{0}^{0}$ $\theta$ $\exists n_{12k}\forall n\cdots n\theta$
$\Sigma_{k}^{0}$ , $\forall n_{12k}\exists n\cdots n\theta$ $\Pi_{k}^{0}$ , $\Sigma_{k}^{0}$
$\Sigma_{k}^{0},$ $\Pi_{k}^{0}$ $\Pi_{k}^{0}$ . , $\Sigma_{k}^{0}$ $\varphi$ $\Pi_{k}^{0}$ $\psi$
$\varphi\wedge\psi$ $\Sigma_{k}^{0}\wedge\Pi_{k}0$ .
1 $\Gamma$ 2 . , 4 .
$\Gamma$-BCA: $\forall l\exists Z\forall n<l(\varphi(n)rightarrow n\in’Z)$ ,
$\Gamma$-BSP: $\forall n(\varphi(n)arrow\neg\psi(n))arrow\exists Z\forall n[(\varphi(n)arrow n\in Z)\wedge(n\in Zarrow\neg\psi(n))]$ ,
$\Gamma$-BAC: $\forall n\exists X\eta(n,x)arrow\forall l\exists Z\forall n<l\eta(n, (Z)_{n})$ ,
$\Gamma$-BDC: $\forall n\forall X\exists \mathrm{Y}\xi(n,x,\mathrm{Y})arrow\forall l\exists Z\forall n<l\xi(n, (Z)_{n},$ $(Z)_{n+}1)$ .
, $\varphi(n),$ $\psi(n),$ $\eta(n,X),$ $\xi(n, x, \mathrm{Y})$ $\Gamma$ , $Z$
. , $(Z)_{n}=\{m:(n, m)\in Z\},$ $(n, m)= \frac{(n+m)(n+m+1)}{2}+n$
.
, 2 .
2 $\Gamma$ 2 . ,
$\mathrm{I}\Gamma$ ( $\Gamma$-Induction): $[\varphi(0)\wedge\forall x(\varphi(x)arrow\varphi(x+1))]arrow\forall x\varphi(X)$ ,
$\mathrm{B}\Gamma$ ( $\Gamma$-Bounded collection): $\forall x\leq y\exists z\psi(X, Z)arrow\exists w\forall x\leq y\exists z\leq w\psi(X,Z)$ .
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3 $\Gamma$ 2 , .
$\Gamma$-UBAC: $\forall n\exists!x_{\varphi}(n, x)arrow\forall l\exists!Z\forall n<l\varphi(n, (Z)_{n})$
, $\exists!X$ – , $\exists!Z$ , $(Z)_{n}(n<l)$ – .
, .
6 $\Sigma_{2}^{0_{-\mathrm{U}}}\mathrm{B}\mathrm{A}\mathrm{c}_{0}\equiv \mathrm{R}\mathrm{C}\mathrm{A}_{0}+\mathrm{B}\Sigma^{0}2$ .
.
1. RCAo $\equiv\Pi_{1^{-\mathrm{A}\mathrm{c}}}00,$ $\Sigma_{2}0-\mathrm{B}\mathrm{A}\mathrm{C}_{\mathrm{o}}\equiv \mathrm{B}\Sigma 02’\Sigma_{2^{-}}^{0}\mathrm{B}\mathrm{D}\mathrm{C}\mathrm{o}\equiv \mathrm{I}\Sigma^{0}2$ .
2. $\Sigma_{2^{-\mathrm{B}}}^{0}\mathrm{D}\mathrm{C}_{0\subseteq \mathrm{A}\mathrm{C}_{0}}\Pi_{2^{-\mathrm{B}}}^{0}$ .
3. $\Sigma_{2}^{0_{-\mathrm{B}}}\mathrm{D}\mathrm{c}\mathrm{o}\subseteq^{\mathrm{w}}\mathrm{K}\mathrm{L}0+\mathrm{I}\Sigma^{0}2$ .
[1] P. H\’ajek and P. Pudl\’ak, Metamathematics of First-Order Arithmetic, Springer-
Verlag, 1991.
[2] S. G. Simpson, Subsystems of Second Order Arithmetic, Springer-Verlag, 1998.
[3] - , 2 , 4, , 1997.
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, $\varphi(x),$ $\psi(x, z)$ $\Gamma$ , $w$
.
2 RCAo $\mathrm{I}\Sigma_{1}^{0},$ $\triangle_{1^{-}}^{0}$
$\mathrm{C}\mathrm{A}$ . ( [2] [3] .) RCAo A
$\Lambda_{0}$ . , 2 $T_{1},$ $T_{2}$ , $T_{2}$
, $T_{2}\subseteq T_{1}$ . , $T_{2}\subseteq T_{1}$ $T_{2}\supseteq T_{1}$ , $T_{2}\equiv T_{1}$ .





, WKLo , 2 ( )
$\mathrm{R}\mathrm{C}\mathrm{A}_{0}$ . , $\mathrm{A}\mathrm{C}\mathrm{A}_{0}$ , $\Sigma_{k}^{0}$ $\varphi(k\geq 0)$
$\varphi$ ( ) RCAo
.
[3] , .
1 $n>0$ , .
(1) $\triangle_{n^{-}}^{0}\mathrm{B}C\mathrm{A}_{\mathrm{O}}\subseteq\Pi_{n^{-}}^{0}\mathrm{B}\mathrm{s}\mathrm{P}_{\mathrm{o}}\subseteq\Sigma_{n\mathrm{O}}^{0_{-\mathrm{B}\mathrm{A}}}\mathrm{C}\subseteq\Sigma_{\mathrm{n}0}^{\mathrm{o}_{- \mathrm{B}\mathrm{D}}}\mathrm{C}$.
(2) $\Sigma_{2^{-}}^{0}\mathrm{B}\mathrm{A}\mathrm{c}_{0}\equiv(\Sigma_{1}^{0}\wedge\Pi^{0})1- \mathrm{B}\mathrm{A}\mathrm{c}0$ $\Sigma_{2^{-\mathrm{B}}0\equiv}^{0}\mathrm{D}\mathrm{c}(\Sigma_{1}^{0_{\wedge}}\Pi 0)1- \mathrm{B}\mathrm{D}\mathrm{c}\mathrm{o}$ .
(3) $\Pi_{n+1^{-\mathrm{B}}0}^{00}\mathrm{A}\mathrm{C}$$\equiv\Sigma_{n+2}$ -BAc $\Pi_{n+1^{-}}0\mathrm{B}\mathrm{D}\mathrm{C}_{0}\equiv\Sigma_{n+}02-\mathrm{B}\mathrm{D}\mathrm{C}0$.
(1 . (2) $(\Sigma_{1^{\wedge}}^{0}\Pi_{1}0)$-BACo $\Sigma_{2}^{0}$-BACo
. ( .) $\varphi$ , $\forall n\exists X\exists X\varphi(X, n, X)$ . $[\mathrm{Y}\neq$
$\emptyset\wedge\forall x\in \mathrm{Y}\varphi(x,n, x)]$ $\varphi’(n,X,\mathrm{Y})$ , $\forall n\exists X\exists \mathrm{Y}\varphi^{J}(n,X, \mathrm{Y})$ . $(\Sigma_{1}^{0}\wedge$
$\Pi_{1}^{0})-\mathrm{B}\mathrm{A}\mathrm{c}_{0}$ , $\forall l\exists x\exists \mathrm{Y}\forall n<\iota_{\varphi}’(n, (X)_{n},$ $(\mathrm{Y})_{n})$ , , $\forall l\exists X\forall n<l\exists \mathrm{Y}[\mathrm{Y}\neq\emptyset\wedge\forall x\in$
$\mathrm{Y}\varphi(x, n, (X)_{n})]$ . , $\forall l\exists Z\forall n<l\exists x\varphi(x, n, (Z)_{n})$. (2) (3)
.
2 $\mathrm{B}\Sigma_{2}^{0}\equiv\Delta_{2^{-}}0\mathrm{B}\mathrm{C}\mathrm{A}\mathrm{O}\equiv\Pi^{0_{-\mathrm{B}\mathrm{S}\mathrm{P}_{\mathrm{o}}}}2$ .
$\Delta_{2^{-}}^{0}\mathrm{B}\mathrm{C}\mathrm{A}_{0}arrow \mathrm{B}\Sigma_{2}^{0}$ . $\mathrm{B}\Sigma_{2}^{0}$ $\Delta_{2}^{0}$
. , $\exists x\varphi(X)$ $\forall x(\varphi(x)rightarrow\psi(x))$ . $\varphi$ $\Sigma_{2}^{0}$ , $\psi$ $\Pi_{2}^{0}$
. $\varphi(x_{0})$ $x_{0}$ – . $\Delta_{2}^{0}$-BCA , $X=\{x\leq x_{0} : \varphi(x)\}$
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. , $X$ , $\varphi$
.
$\mathrm{B}\Sigma_{2}^{0}arrow\Pi_{2}^{0}$-BSPo , $\forall x(\exists y\varphi(X, y)\vee\exists z\psi(X, z))$ . $\varphi$ $\psi$
$\Pi_{1}^{0}$ . , $\mathrm{B}\Sigma_{2}^{0}$ , $n$ $l$
$\forall x\leq n(\exists y<l\varphi(x, y)\mathrm{v}\exists z<\iota\psi(X, Z))$
. $X=\{x\leq n:\exists z<l\psi(x, z)\}$ , x $\leq n$ , $\forall y\neg\varphi(X, y)$
$\exists z<l\psi(X, z)$ $x\in X$ , $\forall z\neg\psi(x, z)$ $\exists y<\iota_{\varphi}(x, y)$ $x\not\in X$
. , $X$ $n$ $\Pi_{2}^{0}$ .
$\Pi_{2^{-\mathrm{B}}}^{0}\mathrm{s}\mathrm{P}_{0}arrow\Delta_{2}^{0}$ -BCAo ( 1(1).)
3 $n\geq 2$ , $\mathrm{I}\Sigma_{n}^{0}\subseteq\Sigma_{n^{-}}^{0}\mathrm{B}\mathrm{D}\mathrm{C}_{\mathrm{O}}$.
$n=2$ . ( $n$ .) , BDC
.
$\forall n\forall X\exists \mathrm{Y}\varphi(n, X, \mathrm{Y})arrow\forall l\forall Z\exists W\forall n\leq l[(W)_{0}=Z\wedge\varphi(n, (W)_{n}, (W)_{n+1})]$ .
$\forall n\forall X\exists \mathrm{Y}\varphi(n, X, \mathrm{Y})$ . ,
$(n=0\wedge \mathrm{Y}=Z)(n>0\wedge\varphi(n-1, x, \mathrm{Y}))$
$\varphi’(n, X, \mathrm{Y}, z)$ $\forall Z\forall n\forall x\exists \mathrm{Y}\varphi’(n, x, \mathrm{Y}, Z)$ . $Z$ . , BDC
, $l$ $\exists W’\forall n<l\varphi’(n, (W’)_{n},$ $(W’)_{n+1},$ $z)$ . $(W)_{n}=$
$(W’)_{n+1}$ $W$ , $(W)_{0}=z$ $\varphi(n, (W)_{n},$ $(W)_{n+1})]$ . $Z,$ $l$
, $\forall l\forall Z\exists W\forall n\leq l[(W)0=^{z\wedge}\varphi(n, (W)_{n}, (W)_{n+1})]$ .
$\Pi_{1}^{0}$
$\varphi$ , $\exists y\varphi(\mathrm{O}, y)$ $\forall x[\exists y\varphi(x, y)arrow\exists y\varphi(x+1, y)]$ . ,
$\varphi’(x, y)$ : $y$ $x+1$
, $i\leq x$ $i$ $(y)_{i}$ $\varphi(i, z)$ $z$ . , $\varphi’$
$\Sigma_{0}^{0}(\Sigma_{1}^{0})$ , $\Sigma_{1}^{0}$
. $\Sigma_{0}^{0}(\Sigma_{1}^{0})$ $\Sigma_{1}^{0}$ ([2] ) ,
RCAo . , , $v$ , $\forall x\forall y[\varphi’(X, y)arrow y\leq v]$
, $\Sigma_{0}^{0}(\Sigma_{\iota}^{0})$ $\forall x\exists y\leq v\varphi’(x, y)$ . , $\forall x\exists y\varphi(x, y)$ . ,
$\forall v\exists x\exists y[(x, y)>v\wedge\varphi’(x, y)]$ . $H(v)$ $(x, y)>v\wedge\varphi^{l}(X, y)$
$(x, y)$ , $H$ $\Sigma 8(\Sigma_{1}^{0})$ - . $H$
$\psi(n, x, \mathrm{Y})$ : $X$ – $v$ $\mathrm{Y}$ –
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$H(v)$ , $X$ , $\mathrm{Y}=\mathrm{Y}$ . , $\psi(n, x, \mathrm{Y})$
$\Sigma_{2}^{0}$ , , $\forall n\forall X\exists \mathrm{Y}\psi(n, x, \mathrm{Y})$ . ,
$\forall l\forall Z\exists W\forall n\leq l[(W)_{0}=Z\wedge\psi(n, (W)_{n}, (W)_{n+1})]$ .
. , $Z=\{H(\mathrm{O})\}$ $W$ , $n\leq\iota\iotaarrow\sim$
$(Z)_{n}$ – , $H$ . ( , $\Sigma_{0}^{0}(\Sigma_{1}^{0})$
.) , $n\leq l$ $H(v)\in(Z)_{n}$ $H(v)$ . $H(v)$ $(x, y)$
$x$ $x_{n}$ . , $x_{0},$ $\cdots,$ $x_{\mathrm{t}}$
$l+1$ . , $l\leq x_{i}$ $x_{i}$ . $H$ , y
$\varphi’(X_{i,y)}0$ . $l\leq x_{i}$ , $\varphi’$ , $\forall x\leq l\exists y\varphi(x, y)$ . $l$




$)$ , $\exists X\psi(X)$ $\mathrm{W}\mathrm{K}\mathrm{L}_{0}$
$\Pi_{1}^{0}$
$\hat{\psi}$ . ( , $\Pi_{1}^{0}$ $\Sigma_{2}^{0}$ .)
. Simp-
son [2] VIII 24 .
5 2 .
(1) $\Sigma_{2^{-}}^{0}\mathrm{B}\mathrm{A}\mathrm{c}_{0}\subseteq \mathrm{W}\mathrm{K}\mathrm{L}_{\mathrm{O}}+\mathrm{B}\Sigma_{2}0$ .
(2) $\Sigma_{2^{-}}^{0}\mathrm{B}\mathrm{D}\mathrm{c}_{\mathrm{o}}\subseteq \mathrm{W}\mathrm{K}\mathrm{L}_{\mathrm{o}+}\mathrm{I}\Sigma_{2}^{0}$ .
(1) $\Pi_{1}^{0}$ $\varphi$ , $\forall n\exists X\exists x\varphi(n, x, X)$ . , $\forall n\exists x\exists X\varphi(n, X, X)$ .
4 $\exists X\varphi(n, x,x)$ $\Pi_{1}^{0}$ . , $\mathrm{B}\Sigma_{2}^{0}$ , $k$ $l$
, $\forall n\leq k\exists x<l\exists x\varphi(n, x, x)$ . ,
$\forall n\leq k\exists x<l\exists X\varphi(n, X, X)$
. $\Pi_{1}^{0}$-BAC , $\exists Z\forall n\leq k\exists x<\iota_{\varphi}(n, x, (Z)_{n})$ . , $\exists Z\forall n\leq k\exists x\varphi(n, x, (Z)_{n})$ .
(2) $\Sigma_{2}^{0}$ \mbox{\boldmath $\varphi$} , $\forall n\forall X\forall \mathrm{Y}\varphi(n, X, \mathrm{Y})$ . , $\exists Z\forall n\leq m\varphi(n, (Z)_{m},$ $(Z)_{m+}1)$
$\varphi’(m)$ , 4 , $\varphi’$ $\Sigma_{2}^{0}$ . , $\varphi’(0)$ $\forall m[\varphi’(m)arrow$
$\varphi’(m+1)]$ , $\Sigma_{2}^{0}$ $\forall m\varphi’(m)$ , , $\varphi$ BDC .
WKLo . , BAC
.
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